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A physical model of solid–liquid expression from liquid containing plant materials is presented in one-dimensional
(1-D) formulation. The layer of sliced cellular material is conceptualized as a double porosity system with extraparticle
and intraparticle networks for liquid flow. Filtration-consolidation equations with corresponding initial and boundary
conditions were formulated for both extraparticle and intraparticle networks. It was supposed for the sliced plant mate-
rial that the extraparticle network forms the first porosity with low-storage capacity, while the intraparticle network
forms a second porosity with high storage capacity. Computational modeling of pressure profiles in macro- and micro-
pores versus time for different layer sections was done for real plant material (sugar beet tissue) with two different
compressibility-permeability characteristics corresponding to different degrees of tissue disruption. Results demonstrate
the delayed pressure drop in the intraparticle network and retardation of consolidation kinetics for the less destroyed
plant tissue. VC 2013 American Institute of Chemical Engineers AIChE J, 59: 4762–4771, 2013
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Intoduction

Solid–liquid expression of biological materials is an
important unit operation in the food and related industries,
which is used for the extraction of fruit juices, vegetable
oils, dehydration of fibrous materials, dewatering of waste-
water sludge and so forth.1

During expression, the porous layer (press-cake) formed
by a whole fruit (grape, berry) or fragmented material (e.g.,
sugar beet slices, apple mash, or ground oilseed) is subjected
to unidirectional or complex compression in industrial
presses (hydraulic, screw, belt-presses, etc). Such compres-
sion can be carried out under constant or variable parameters
(pressure, deformation rate). Raw biological materials con-
tain liquid filled cells, hydrated cell walls, microchannels
between cells (plasmodesmata) and intercellular spaces con-
taining air, i.e., are a porous media with different types of
pores and channels.1,2 Raw materials can be pretreated
mechanically (slicing, grinding), thermally (heating, freez-
ing-thawing) or by other methods (chemically, enzymes,
pulsed electric field) to disrupt (denaturate) the cellular tissue
and facilitate the further liquid expression.1,3–6

Evidently, the mechanisms of solid–liquid expression from
a fresh raw material with initially intact cells and expression
from the same material with initially disrupted cells are dif-

ferent. Cell breaking phenomena in a fresh tissue depend not
only on the applied mechanical pressure and the rate of
deformation, but also on the structural tissue characteristics
(cell size and shape, thickness of the cell wall and the mid-
dle lamella, osmotic pressure inside a cell, etc.).2 Intact cells
can be broken individually or by groups (weakest cells first
and then strongest ones) in the course of expression. Accord-
ingly, liquid release from the fresh tissue depends on kinetics
of cells destruction and can be slow. Intact cells remain
impermeable and decrease the whole tissue permeability. In
a fragmentized fresh tissue, just cell layers situated on the
surface of particles are destroyed before expression. The por-
tion of disrupted cells is lower in coarse particles (slices)
and higher in finely fragmented material (mash). Therefore,
expression kinetics depends significantly on the particle
size.1,7–9

If the cell tissue is effectively pretreated and majority of
cell membranes are destroyed before expression starts, then
the whole tissue is permeable for the liquid flow. However,
tissue structure can be affected differently by different
pretreatments.

Apart from tissue permeability, the permeability of extrap-
article pathways (channels) substantially affects the solid–liq-
uid expression behavior. These interparticle channels are
very compressible and can be completely or partly closed
during expression, especially in the case of plate-like or very
fine particles.

Air enclosed inside the tissue structure (mainly in the
intercellular spaces) and outside the fragmentized particles
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increases the compressibility of press-cake and also influen-
ces the expression kinetics.

Therefore, the mechanism of solid–liquid expression from
biological materials is very complex. It is not completely
understood yet. Currently, most of articles on simulation of
the mechanical expression of cellular materials, adopt the fil-
tration/consolidation theory developed for soils10,11 and min-
eral filter cakes.12–14 This theory gives a comprehensive
approach for description of liquid flow inside compressible
porous materials based on the analogy with Fick’s diffusion
theory. The consolidation coefficient b (m2/s), which charac-
terizes the pressure conductivity of a porous medium, bears
analogy to diffusivity and thermal diffusivity coefficients.
This analogy was the source for many studies on simulation
of solid–liquid expression from biological materials.1,15–18

However, when mechanical pressure is applied to sliced or
ground material, both soft tissue particles and the spaces
between particles compact. It remains unclear what is the
contribution of each layer component (soft particles and
extraparticle channels) to the total layer compressibility-
permeability. Compression behavior becomes more compli-
cated and the complex mathematical models were proposed
to estimate the consolidation and creep characteristics of
layer components.15,18 Consolidation coefficients for certain
kinds of individual particles have recently been provided,9,19

and in particular the values of consolidation coefficient b
were determined experimentally for the individual tissue par-
ticles. Consequently, more realistic modeling of the solid–
liquid expression from biporous layer (porous particles and
extraparticle channels) can be realized considering particles
and total layer deformation.20

In this article, analytical and numerical modeling of solid–
liquid expression from biporous biological materials is
presented and retardation phenomena are demonstrated for
pressure distribution inside the porous particles.

Mathematical Formulation of the Problem

We consider sliced cellular particles containing liquid as a
porous layer subjected to unidimensional pressing (Figure 1).
Liquid flows inside the particles (intraparticle space), outside
the particles (extraparticle space) and between these two
spaces. The sliced particles are rectangular parallelepipeds
separated by the porous network. The layer of sliced particles
is considered as a double-porosity medium. The extraparticles
network forms the first porosity with low-storage capacity and
high-hydraulic permeability. The sliced liquid containing

particles form a second porosity with high-storage capacity
and low-hydraulic permeability. Flow occurs separately
through the two porosities and between them. Figure 1
illustrates two scales of a representative elementary volume
(a) layer scale 1 shows the extraparticles network, and (b) the
particle scale 2 shows the porous medium of sliced particles.
Discrete and continuum conceptualisations of a double-
porosity medium are well described in the rock mechanics
applied to the network of fissures in naturally fractured
reservoirs.21–23

Main assumptions

The problem is stated based on the continuity equations
and Darcy filtration law for both extraparticle and intrapar-
ticle spaces. Consolidation equations are formulated consid-
ering initial and boundary equations for the double porosity
system. The assumptions are:

a. Consolidation behavior is studied after the initial com-
paction stage of expression when both intraparticle and
extraparticle spaces are filled with liquid and compressed
under a constant external pressure PE.15

b. Continuity equations for the liquid phase in the extrap-
article and intraparticle spaces are, respectively
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c. Continuity equations for the liquid and solid phase in
the intraparticle space are, respectively
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where e1, e2 are, respectively the extraparticle and intrapar-
ticle porosities, and �e2 is the average intraparticle porosity

�e25 1
R

Ð R
0

e2 t; x; zð Þdx, q1 and q2 are, respectively, the local

liquid velocities in the extraparticle and intraparticle spaces,
v1 and v2 are respectively the local solid velocities in the
extraparticle and intraparticle spaces.

d. Relatives liquid to solid flow velocities in the extrapar-
ticle (u1) and intraparticle (u2) spaces obey the Darcy filtra-
tion law

Figure 1. Scheme of mass transfer in double porosity system (a) layer, and (b) particle.
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where P1 and P2 are, respectively the liquid pressures in the
extraparticle and intraparticle spaces, k1 and k2 are respec-
tively the permeabilities of the extraparticle and intraparticle
spaces, and l is the liquid viscosity.

The contacts between liquid containing cellular particles
are supposed to be elastic (springs). The compressibility of
each particle is also supposed to be elastic (Figure 2a,b).
Total external stress (r) in the extraparticle network (Figure
2a)

r5 12e1ð Þr11e1P1 (7)

where r1 is the stress on the liquid containing cellular (soft)
particles. The fictitious (effective or drag) pressure on the
particles is defined as a difference between the total stress r
and the liquid pressure in pores.15,21 In the case of biporous
system the effective pressure on the liquid containing par-
ticles is

Ps15r2P15 12e1ð Þ r12P1ð Þ (8)

Total external stress in the intraparticle network (Figure 2b)

r15 12e2ð Þr21e2P2 (9)

where r2 is the stress on the solid matrix of liquid containing
particles. The fictitious (effective) pressure on the solid
matrix of liquid containing particles is defined as

Ps25r12P25 12e2ð Þ r22P2ð Þ5P11
r2P1

12e1

2P2 � r2P2

(10)

The approximation in the right side of Eq. 10 is valid for the
extraparticle space with a low-storage capacity e1 << 1.23

The total stress r is induced by the external pressure PE, so
r 5 PE. Then Ps15PE2P1 and Ps25PE2P2.

f. Replacing porosities e1 and e2 on the volume ratios

e15 e1

12e1
;e25 e2

12e2
;�e25 �e2

12�e2
, and using the coordinates based

on the volume of liquid containing particles (LCP)

dzm5 dz
11e1

, and insoluble solids (IS) dxm5 dx
11e2

, one can mod-

ify the continuity Eqs. 1–4 considering Eqs. 5 and 6
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g. Additionally, we suppose that the average intraparticle
porosity is a function of the average effective pressure
�Ps25PE2 �P2, where �P2 is the average liquid pressure inside
the cellular particles �P25 1

R

Ð R
0

P2 t; x; zð Þdx. Then
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where G152 @Ps1

@e1
; G252 @Ps2

@e2
; �G252 @ �Ps2

@�e2
are the compressi-

bility modulus.
Substituting Eqs. 5, 13 and 15 into Eq. 11, and using the
coordinates based on the volume of liquid containing par-
ticles (LCP), we obtain a consolidation equation for the
extraparticle space (problem A). Substituting Eqs. 6 and 14
into Eq. 12, and using the coordinates based on the volume
of insoluble solids (IS), we obtain a consolidation equation
for the intraparticle space (problem B).

Problem ff: For the domain Dl, one should find the solu-
tion of the following equation of consolidation for extrapar-
ticles space

@P1

@t
5b1

@2P1

@z2
m

2b
@ �P2

@t
(16)

Domain D15 t; zmð Þ : t > 0;0 < zm < hmf g

Figure 2. Total external stress (a) in extra particle network, and (b) in intraparticle network.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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The initial condition is

P1 t; zmð Þjt505PE (17)

The boundary conditions are

P1 t; zmð Þjzm5050; (18)

@P1

@zm
jzm5hm

50 absence of flowð Þ; (19)

Problem B: For the domain D2, one should find the solu-
tion of the following equation of consolidation in intrapar-
ticle space
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m

; (20)

Domain zm D25 t; xm; zmð Þ : t > 0;jxmj < Rm; 0 < zm < hmf g
The initial condition is

P2 t; xm; zmð Þjt505PE: (21)

The boundary conditions are

@P2

@x

����xm5050 symmetrical conditionð Þ; (22)

P2 t; xm; zmð Þjx5Rm
5P1 t; zmð Þ: (23)

where b15 G1
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is the consolidation coefficient of the extrapar-
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is the consolidation of cellular particles,
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is the thickness of the half of particle containing IS
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Ð R
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dx
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.

In Eqs. 16 and 20 it is assumed that b1, b2, and b are the
constants. Variables k1, k2 can markedly decrease during
pressing and a1, a2 can markedly increase. However, if
G1 and G2 also increase in similar fashion, b1 and b2

will remain constant.

Deformation of Press-Cake and Consolidation
Ratio

Total height reduction of the press-cake representing the
liquid removed or the cumulative filtrate per unit area is
given by

S tð Þ5S1 tð Þ1S2 tð Þ (24)

where S1(t) and S2(t) are, respectively the height reductions
of the extraparticle and intraparticle spaces
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PE2P1 t; zmð Þð Þdzm (25)

S2 tð Þ5 1
�G2

ðhm

0

�Ps2dzm5
1
�G2

ðhm

0

PE2 �P2 t; zmð Þð Þdzm: (26)

In Eqs. 25 and 26 it is assumed that G1 and �G2 are the
constants.

The consolidation ratio is defined as11,12,15

U5
S tð Þ
S1

(27)

where S1 is the final height reduction of press-cake at infini-
tively long time (t 51). In a fresh raw material, the liquid
is mainly situated inside of cellular particles, and the total
deformation of a liquid saturated layer can be mainly attrib-
uted to the deformation of soft particles. To calculate the
consolidation ratio U we suppose additionally 11e1 ffi 11�e1.
Then

U tð Þ5 S2 tð Þ
S1
�

ðhm

0

PE2 �P2 t; zmð Þð Þdzmðhm

0

PE2 �P2 1; zmð Þð Þdzm

(28)

Analysis of Computational Modeling Results

Algorithm of the solution

An implicit finite difference method is used for the solu-
tion of a formulated mathematical model. A detailed descrip-
tion of the solution method is presented in Appendix .

Analysis of the solution

Using obtained numerical solutions; one can calculate the
liquid pressure distributions inside of porous particles and in
the extraparticle space. The next values of solid–liquid
expression parameters were used for the calculation proce-
dure: h 5 0.01 m, R 5 0.004 m, b1 5 1.8�1027 m2/s,
b2 5 1027 m2/s and 3.1028 m2/s, b 5 0.08. The value of
b2 5 1027 m2/s corresponds to the better disrupted tissue,
while the value of b2 5 3.1028 m2/s corresponds to the less
disrupted tissue. The values of b2 can be determined using
the procedure9 for the individual tissue particles by the
method of Sivaram and Swam24 modified by Shirato.25 The
value of b1 was chosen arbitrarily to show the possible devi-
ation of the results estimated for the double-porosity system
in compare to the single-porosity system. For all graphs we
use the normalized values of liquid pressure
P�15 P1

PE
; P�25 P2

PE
. The pressure distribution curves are pre-

sented in function of time and dimensionless geometrical
coordinates X5xm=Rm and Z5zm=hm

Figure 3 is a set of plots of P�2 t;X;Zð Þ, the dimensionless
liquid pressure inside particles, vs. time t [s] for b2 5 1027

m2/s. Figure 3a shows P�2 Xð Þ at Z 5 0, the bottom of the
layer (i.e., surface of the filter media); 3b P�2 Xð Þ at Z 5 0.05;
3c P�2 Xð Þ at Z 5 0.5; and 3d P�2 Xð Þ at Z 5 1 (the top of the
layer). Figure 4a–d are a similar set of plots for b2 5 3.1028

m2/s. Curves 1–6 in each figure of these sets depict P�2 vs. t
at X 5 1.0, 0.8, 0.6, 0.4, 0.05 and 0, respectively. In both
Figures 3 and 4, P�2 decreases more rapidly near the surface
of the particles, X 5 1, than at their center X 5 0. The rate
of decrease at X 5 0 is slower at the top of the layer Z 5 1,
than near its bottom Z 5 0, and is markedly slower for
b2 5 3.1028 m2/s than for b2 5 1027 m2/s. For example, at
Z 5 0.5, the center of the layer P�2 at X 5 0 decreases from
1.0 to 0.2 in 420 s for b2 5 1027 m2/s, whereas for
b2 5 3.1028 m2/s, P�2 at X 5 0 and Z 5 0.5 decreases only to
0.45 when t 5 420 s.

Therefore, the degree of disruption of cellular tissue can
influence importantly on the pressure profiles and retardation
of pressure drops inside the porous particles.
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Figure 3. Temporal profiles of dimensionless pressure in the intraparticles space P�2 t;X;Zð Þ vs. time t, [s] for value
b2 5 1027 m2/s, and different sections of layer (a) Z 5 0.0, (b) Z 5 0.05, (c) Z 5 0.5, (d) Z 5 1.

1 - X 5 1.0 2 - X 5 0.8; 3 - X 5 0.6; 4 - X 5 0.4; 5 – X 5 0.05, 6 - X 5 0.0.

Figure 4. Temporal profiles of dimensionless pressure in the intraparticles space vs. time t, [s] for value
b2 5 3.1028 m2/s different sections of layer (a) Z 5 0.0, (b) Z 5 0.05, (c) Z 5 0.5, and (d) Z 5 1.

1 - X 5 1.0 2 - X 5 0.8; 3 - X 5 0.6; 4 - X 5 0.4; 5 - X 5 0.05, 6 - X 5 0.0.
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Figure 5 presents the temporal profiles of dimensionless
pressure in macropores (extraparticles space) P�1 t; Zð Þ vs.
time t[s] for the value of b2 5 1027 m2/s. Liquid pressure
drops more rapidly near the surface of a filter medium, and
there is some retardation with a pressure fall on the top of
particles layer (Z 5 1). When X tends to 1, the pressure in
micropores tends to the pressure in macropores P�1 t;Zð Þ. For
instance, curve 1 for P2

* at X 5 1, Z 5 0 (Figure 3a) corre-
sponds to curve 1 for P1

* at Z 5 0 (Figure 5); curve 1 for
P2

* at X 5 1, Z 5 0.5 (Figure 3c) corresponds to curve 4
for P1

* at Z 5 0.5 (Figure 5); curve 1 for P2
*at X 5 1,

Z 5 1 (Figure 3d) corresponds to curve 6 for P1
* at Z 5 0.5

(Figure 5).
Figure 6 presents the temporal profiles of dimensionless

pressure in macropores (extraparticles space) P�1 t; Zð Þ vs.
time t[s] for the value of b2 5 3.1028 m2/s. It is possible to
see that curve 1 for P2

* at X 5 1, Z 5 0 (Figure 4a) corre-
sponds to curve 1 for P1

* at Z 5 0 (Figure 6); curve 1 for
P2

* at X 5 1, Z 5 0.5 (Figure 4c) corresponds to curve 4 for
P1

* at Z 5 0.5 (Figure 6); curve 1 for P2
* at X 5 1, Z 5 1

(Figure 4d) corresponds to curve 6 for P1
* at Z 5 0.5

(Figure 6).
Pressure profiles in the extraparticle space P1

* have a sim-
ilar behavior for both layers formed by less and better dis-
rupted particles (Figures 5 and 6). This is despite difference
in pressure profiles P2

* inside of less and better destroyed
particles (Figures 3 and 4). It means that the permeability of
the extraparticle space remains sufficient to evacuate simi-
larly the liquid from better and less disrupted particles. For
particles and extraparticle space with other permeability-
compressibility characteristics, the pressure profiles P�1 t;Zð Þ
can differ. Simulation shows that the dependence of profiles
P�1 t;Zð Þ on the values of b2 is more important for the higher
values of elasticity factor (b> 0.08).

Figure 7 presents the curves of the consolidation ratio U(t)
simulated using Eq. 24 for the values of b2 5 1027 m2/s
(curve 1) and b2 5 3.1028 m2/s (curve 2). As can be seen
from Figure 7, the consolidation kinetics is more rapid for
the better destroyed plant tissue (b2 5 1027 m2/s).

In the article,10 it was indicated that both filtration/consoli-
dation and creep effects influence on the expression behavior
of sugar beets. However, Eq. 20 of this work describes just
the filtration/consolidation behavior of this material. It can
be the source of some deviation between experimental and
calculated results.

Comparison of numerical and analytical solutions

Figure 8 presents the temporal profiles of dimensionless
pressure in macropores simulated by numerical and analyti-
cal methods for the value of b2 5 1027 m2/s. As can be seen,
the pressure profiles computed by analytical method (formula
B.1, curve 1) correspond well with the numerical solution
(curve 2) for different layer sections (Z 5 0.2, Z 5 0.5, and
Z 5 0.8). The lack of convergence between the analytical
and the numerical solutions is between 1.5 and 2% for all
three sections of layer.

Figure 9 presents the temporal profiles of dimensionless
pressure in micropores of particles simulated by numerical
and analytical methods for the value of b2 5 1027 m2/s. As
can be seen, the pressure profiles computed by analytical
method (formula B.2, curve 1) correspond well with the
numerical solution (curve 2) for two different sections of
particle (X 5 0.5 and X 5 0.7) taken for two positions in
layer: Z 5 0.2 (Figure 9a) and Z 5 0.8 (Figure 9b). In both
cases the lack of convergence between the analytical and
numerical solutions does not exceed 2.0%.

Figure 5. Model profiles of dimensionless pressures in
extraparticle space vs. time t,[s] for value
b2 5 1027 m2/s and different values of dimen-
sionless layer thickness Z.

1 - Z 5 0.0, 2 - Z 5 0.05, 3 - Z 5 0.3, 4 - Z 5 0.5, 5 -

Z 5 0.7; 6 - Z 5 1.0.

Figure 6. Model profiles of dimensionless pressures in
extraparticle space P�1 t;Zð Þ vs. time t,[s] for
the value of b2 5 3.1028 m2/s and different
values of dimensionless layer thickness Z.

1 - Z 5 0.0, 2 - Z 5 0.05, 3 - Z 5 0.3, 4 - Z 5 0.5, 5 -

Z 5 0.7; 6 - Z 5 1.0.

Figure 7. Consolidation ratio U(t) simulated using two
different values of b2.

(1) b2 5 1027 m2/s, and (2) b2 5 3.1028 m2/s.
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The analytical solution has advantages for the physical
analysis of functional dependencies between the parameters
of solid–liquid expression (b1, b2 and b), and obtained pres-
sure profiles P�2 t;X; Zð Þ, P�1 t;Zð Þ and consolidation ratio U(t).
The numerical method is computationally more expensive,
but can facilitate future evaluation of alternative processing
conditions (e.g., variable pressure) and pressing parameters.

Conclusions

Phenomenological model of solid–liquid expression from
liquid containing plant materials is formulated representing
the layer of sliced cellular particles as a biporous system
with extraparticle and intraparticle networks for liquid flow.
The filtration-consolidation equations were formulated for

both extraparticle and intraparticle networks considering the
pressure profiles. It was supposed for the sliced plant mate-
rial that the extraparticles network forms the first porosity
with low-storage capacity, while the intraparticle network
form a second porosity with high-storage capacity. Numeri-
cal and analytical solutions for the temporal pressure profiles
and for the consolidation ratio were obtained with two differ-
ent compressibility-permeability characteristics correspond-
ing to different degrees of tissue destroying.

The results show the delayed pressure drop in the intrapar-

ticle network and retardation of consolidation kinetics for the

less destroyed plant tissue (due to the lower value of consoli-

dation coefficient b2). Experimental verification of obtained

results for the plant tissue is still needed.

Figure 8. Comparison of pressure profiles for extraparticle space P�1 t;Zð Þ in time for analytical (1) and numerical
(2) solutions of model.

(a) Z 5 0.2, (b) Z 5 0.5, and (c) Z 5 0.8.

Figure 9. Comparison of pressure profiles for intraparticle space in time for analytical (1) and numerical (2) solu-
tions of model.

(a) Z 5 0.2, X 5 0.5, and (b) Z 5 0.8, X 5 0.7.
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Notation

b1 = consolidation coefficient of the extraparticles space, m2/s
b2 = consolidation coefficient of the intraparticle space

(cellular particles), m2/s
e1 = volume ratio of the extraparticle space
e2 = volume ratio of the intraparticle space
�e2 = average volume ratio of the intraparticle space
G1 = compressibility modulus of the extraparticle space, Pa
G2 = compressibility modulus of cellular particles, Pa
�G2 = average compressibility modulus of cellular particles, Pa
h = layer thickness, m

k1 = permeability of the extraparticle space,m2

k2 = permeability of the intraparticle space, m2

P1 = liquid pressure in the extraparticle space, Pa
P2 = liquid pressure i-n the intraparticle space, Pa
PE = external pressure, Pa
Ps1 = effective pressure on the liquid containing particles, Pa
Ps2 = effective pressure on the solid matrix of the liquid

containing particles
�P2 = average liquid pressure inside the cellular particles, Pa
�Ps2 = average efective pressure on the solid matrix of the

liquid containing particles, Pa
P�1 = normalized values of liquid pressure P1

P�2 = normalized values of liquid pressure P2

q1 = local liquid velocity in the extraparticle space, m/s
q2 = local liquid velocity in the intraparticle space, m/s
R = particle half thickness, m

Rm = the thickness of the half of particle containing IS, m
S1 = height reduction of the extraparticle space, m
S2 = height reduction of the intraparticle space, m
S = total height reduction, m

S1 = final height reduction, m
t = time, s

Dt = the interval along the axe of time t
U = consolidation ratio
u1 = local liquid to solid flow velocity in the extraparticle

space, m/s
u2 = local liquid to solid flow velocity in the intraparticle

space,m/s
v1 = local solid velocity in the extraparticle space,m/s
v2 = local solid velocity in the intraparticle space,m/s
x = coordinate of the intraparticle space, m

xm = coordinate of the intraparticle space based on the volume
of IS per unit of area, m

X = dimensionless particle half thickness, (X5xm=Rm)
z = coordinate of the extraparticle space, m

zm = coordinate of the extraparticle space based on the volume
of LCP per unit of area, m

Z = dimensionless layer thickness, (Z5zm=hm)
DX = the length of segments along the axe X
DZ = the length of segments along the axe Z

i, j, k, n = index
a1 = specific resistance of the extraparticle spase, based on the

volume of LCP, m22

a2 = specific resistances of the intraparticle space m22, based
on the volume of IS, m22

b = elasticity factor of the material
e1 = extraparticle porosity
e2 = intraparticle porosity
�e2 = average intraparticle porosity
l = liquid viscosity, Pa.s;

r1 = total external stress in the intraparticle space, Pa
r2 = stress on solid matrix of liquid containing particles, Pa
r = total external stress in the extraparticle space, Pa
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Appendix A: Numerical Method

Implicit finite difference method26 is used for the numeri-
cal solution. The scheme is presented in Figure A1. The IS
layer thickness hm is divided into N segments along the axe
Z, the IS particle half-thickness Rm is divided into M seg-
ments along the axe X, and the time is divided into L inter-
vals along the axe t.
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As a result, the problem (16–23) is transformed to the
next system of equations:

Problem A:

Pk11
1j

2Pk
1j

Dt
5b1

h2
m

h2
�
Pk11

1j21
22Pk11

1j
1Pk11

1j11

Dz2
m

2b
�P

k11
2j

2 �P
k
2j

Dt
; k5 �1;L; j5 �1;N21 (A.1)

Initial condition:

P0
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h i
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5PE; (A.2)

Boundary conditions:
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Problem B:
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Initial condition:
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Boundary conditions: Rm
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Problem (A1–A6) can be presented as the next algebraic
system

d1Pk11
1j21

2 112d1ð ÞPk11
1j

1d1Pk
1j11

5Pk
1j

2b �P
k11
2j

2 �P
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; (A.7)

d2Pk11
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2 112d2ð ÞPk11
2i;j

1d2Pk11
2i11;j

5Pk
2i;j

; j5 �1;N21 i5 �1;M21;

(A.8)

Matrices of the algebraic systems (ff7–ff8)

A
s
5

ds 2 112dsð Þ ds 0 ::: 0

0 ds 2 112dsð Þ ds :::

::: ::: ::: ::: ::: :::

::: ::: ::: ::: ::: :::

0 ::: 0 ds 21 112dsð Þ ds

2
666666664

3
777777775
;

s5 �1;2 ;

(A.9)

where d15b1
h2

m

h2
Dt

Dz2
m

; d25b2
R2

m

R2
Dt

Dx2
m
.

The system (A9) was solved using tridiagonal matrix algo-
rithm TDMA.26 The value of average liquid pressure inside
the cellular particles �P

k
2j

t; zmð Þ was determined by Simpson’s
method.26

Appendix B: Analytical Solution

Analytical solutions for the liquid pressure distribution
inside of macropores (extraparticle space) P1(t, zm), and
micropores (intraparticle space) P2(t, xm,zm), were obtained
by Petryk and Vorobiev20 based on the methods developed
by Lenyuk and Petryk.27 These solutions have the next form
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Figure A1. Grids area with finite difference template for model Eqs. 16–23.
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Here
Qjn; n5 �1;1 are the roots of transcendental equation

Q22
b1

b2

R2
m

h2
m

L2
n1bQ tan Q50; (B.3)

/jn5
2

11 b
2

1
Qjn

tan Qjn1 1
cos 2Qjn

� � ; Ujni5/jn= 12
Q2

jn

N2
i

 !

Ln5 2n11ð Þ p
2
; Ni5 2i11ð Þ p

2
;n; i5 �0;1;

x
_

ikjn5 12
Q2

jn

N2
i

 ! e

2
b2

R2
m

N2
i 12

Q2
jn

N2
i

 !
t

2e

2
b2

R2
m

N2
k 12

Q2
jn

N2
i

 !
t

12
N2

k

N2
i

; i 6¼ k

b2

R2
m

N2
i te

2
b2

R2
m

N2
i 12

Q2
jn

N2
i

 !
t

; i5k

8>>>>>>>>>>>><
>>>>>>>>>>>>:

To evaluate Eqs. B1 and B2, the values of Qjn should be
initially determined from the transcendental Eq. B3, where

j is the index of internal summation, and n is the index of
external summation. There is an infinite number of roots Qj

for each successive value of n. The nested series in (B1)
and (B2) were evaluated by using the Qj for a given n to
determine the /j, and other expressions (Uj, x

_

j) involving
Qj for the j-based summation for that n (using only as
many j as needed to cause the j-based summation to con-
verge). Starting from n 5 0 and repeating this process for as
many successive n as needed, the values of Qjn are eval-
uated to cause the sum of the n, j-based summations to
converge.

For good convergence of the series Eqs. B.1 and B.2, the
number of j and n summations can be limited to 5–10.
Authors used the first 20 members of the series in the
numerical calculations.

The needed number of series terms to provide summation
convergence is following: at t 5 20s, n 5 8210, j 5 10212;
at t 5 50s, n 5 628, j 5 8210; at t 5 200s, n 5 324,
j 5 526.
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